Introduction
In this note we consider first order elliptic differential operators acting on smooth vector bundles over compact manifolds, and certain invariants derived from the analysis of these operators, namely the eta invariant (in the case of self-adjoint operators) and the index. While these topics are very well known and established (see [2] , [3] ), this is not so for their equivariant counterparts (as described in [1] ). We will develop an approach that works for both the eta invariant and the index, and we will apply it to the eta invariant in Section 2, to the index in Section 3, and to the Atiyah-Patodi-Singer Theorem in Section 4. So far, index formulas in geometric terms are not available in the general case, but we will give some simple examples in Section 5.
We note that other researchers have considered the equivariant eta invariant before. Specifically, H. Donnelly in [10] provided a fixed point formula for the equivariant index on a manifold with boundary; this formula included an equivariant version of the eta invariant dependent on a single element of the group. In further work, S. Goette [12] provided an infinitesimal version of this theorem (where the formulas depend on an element of the Lie algebra) and gave applications to equivariant eta forms in fiber bundles. We mention also the seminal exposition on the equivariant index in [4] and associated work [5] , [6] .
What makes this work different from the above is that we are evaluating integer-valued indices corresponding to multiplicities of group representations, and our eta invariant is a number dependent on the entire group at once. In simple cases, such as when the operator is elliptic and when the group is finite, it is clear how to determine one version of the equivariant index from the other (and one version of the equivariant eta invariant from the other). However, for general compact Lie groups and transversally elliptic operators, our formulas are distinct from the others obtained before. Moreover, the techniques of proof and formulas obtained are entirely different and depend on equivariant heat asymptotics that may involve logarithmic terms.
This note is expository, giving references to all relevant sources. For simplicity, we consider only elliptic differential operators, even though the proofs outlined apply to the more general situation. In every case, we outline the well-known proofs and theorems without Lie group actions first and then show how these same ideas can be applied in the equivariant cases with appropriate modifications. A more detailed and expanded article that applies to transversally elliptic operators will appear in due time.
The equivariant eta invariant
Let pM, h M q be a compact Riemannian manifold of dimension m, pE, h E q a Hermitian vector bundle over M, and let D c be a first order, symmetric elliptic differential operator acting on C 8 pM, Eq. Since Also, D is a Fredholm operator, by the parametrix construction. Then
and so im D " im D˚; hence D " D˚is self-adjoint. According to Weyl's Law, we obtain the asymptotics of the eigenvalue counting function as
3)
The invariant we are trying to understand is the eta function, η D , defined as
sgn pλq |λ|´z , Re z " 0.
We relate this to D by the Mellin transform
where
Obviously, α D ptq ÝÑ tÑ8 0 exponentially such that the integral over r1, 8q is holomorphic in
. To reveal the meromorphic nature of η D in C, we have to study the kernel of De´t D 2 using . While the material so far is not new, the situation is different if we look at the equivariant case. We assume now that a compact Lie group G acts on pM, h M q and pE, h E q effectively, smoothly, and isometrically. In addition, we assume that the operator D c commutes with the G-action on C 8 pM, Eq. Then we pick an irreducible representation ρ of G, such that the ρ-isotypical subspace L 2 pM, Eq ρ has infinite dimension. The orthogonal projection P ρ onto L 2 pM, Eq ρ is constructed via the invariant integral, to wit
here d ρ is the dimension of a representative space of ρ, and χ ρ its character. By assumption, P ρ commutes with D such that
is a self-adjoint operator, with spectral resolution pP ρ E D pλqq λPR , since the spectral resolution of D can be constructed via the resolvent; c.f. [13, VI, Lemma 5.6] . Therefore, spec D ρ is a subset of spec D, and the same is true for the corresponding eigenfunctions. Hence we can generalize formula (2.4) as
We put
and obtain the same exponential vanishing as t Ñ 8. The asymptotics for t Ñ 0`are more involved; they can be found in [8, Cor. 3.2] . In fact, if m G :" dim M 0 ä G and M 0 is the space of principal orbits, then we have
The finer analysis concerning the kernel of D ρ e´t
ρ is essentially contained in [9, Thm. 4]; we give an explanation of the main steps.
We choose a cut-off function ψ P C 8 pR ě0 , r0, 1sq with ψ pxq " 1 for 0 ď x ď ε 2 and ψ pxq " 0 for x ě 4ε 2 , and we put r ψ px, yq :" ψ pd 2 px, yqq. Then we fix y and let x P B 2ε pyq. We also fix a local orthonormal frame ps j q rk E j"1 for E| B 2ε pyq . Then we obtain, with u ijk P C 8 pB 2ε pyqq,
We find (using (2.6) )
This gives, finally, with r u ijk pg, g¨y, yq " r ψ pg¨y, yq κ ρ pgq u ijj pg¨y, yq,
The crucial part comes from the set
since outside any open neighborhood of L, contributions to the trace are Opt 8 q. We choose such a neighborhood of L where r ψ " 1. It is shown in [9] that one can construct a "weak resolution" of d 2 pg¨y, yq near L by a polynomial in m real variables, the exponential asymptotics of which are readily computed. We quote the result:
(2.9) Remark 2.2. Given the complicated structure of L, the expansion (2.9) is essentially qualitative. The number T pM, Gq can be taken as
As far as we know, no example with non-vanishing log-terms has been constructed yet. From [9, Thm. 4] we do know only that a ij ρ " 0 for i "´m G , j ą 0. Remark 2.3. To apply the asymptotic expansion to the eta invariant calculation, we would have to add a factor D ρ in (2.9). But any operator commuting with e´t D 2 ρ would only change the coefficients in the expansion and hence will not change the qualitative structure of the result. In our more detailed work, we show that for a new set of constants b ij ρ ,
emark 2.4. Using the same calculations and techniques, we have similar asymptotic expansions of integrals of equivariant heat kernels over GˆU, where U is an open saturated (G-invariant) set in M; see [7] , [9] . Specifically, ż
he result we were after is Theorem 2.5. η Dρ is meromorphic in C with poles at most in the points t´i`1 2 : i ě m G´1 u that may be multiple, also at 0.
The equivariant index
Consider pM, h M q as in Section 2, and introduce two smooth vector bundles E˘of rank ℓ, with Hermitian metrics hȆ. We consider first order elliptic differential operators
We construct a smooth vector bundle E " E`' E´with metric h E " hÈ ' hÉ and a first order symmetric operator
Then we obtain a self-adjoint Fredholm operator, D, as in Section 2, acting on H 1 pM, Eq, such that with D˘the closures of Dc
We denote by P˘the orthogonal projections from E to E˘, and we introduce the self-adjoint involution
Then we obtain the well-known McKean-Singer formula:
As before, assume that σ`D 2˘p x, ξq " |ξ| 2 .
We can bring in the group action as in the previous chapter and obtain
So we have to proceed as in the proof of Theorem 2.1. Then we obtain
where the coefficients are constructed in analogy with the procedure leading to Theorem 2.1.
The Equivariant APS Theorem
We now consider a compact manifold with boundary,
where pM, h M q is an open Riemannian manifold with compact boundary pN, h N q and h M " h M \ h N . We consider also a smooth Hermitian vector bundle pE N , h E N q over N, and a first order symmetric elliptic operator D N,c acting on C 8 pN, E N q. We assume that D 2 N satisfies the condition (2.1).
As in Section 2, we see that D N :" D N,c has domain H 1 pN, E N q and is self-adjoint with a purely discrete spectrum. As in (2.3), we see that the eigenvalue counting function satisfies
We fix an orthonormal eigenbasis pφ λ q λPspec D N , and we find as in Section 2,
This implies as before that
Following again the work in Section 2 and Section 3, we introduce a compact Lie group, G, with properties described there, and we pick an irreducible representation ρ of G such that L 2 pN, E N q ρ has infinite dimension. We assume again that D N commutes with G, hence with the orthogonal projection P ρ from (2.6); then
0 exponentially, and
In the next step, we choose an open neighborhood U N of N in M such that
with product metric h U N » h N ' du 2 . We extend Nˆr0, εq to the cylinder NˆR ě0 ": C N , and we lift the vector bundle pE N , h E N q to pE C N , h C N q. On C N , we introduce the first order elliptic differential operators
both acting on C 8 pC N , E C N q. As shown in [2, (2.9), (2.10)], one obtains the identity 
we see that ker
Abusively, we write D C N :" D C N and find from (4.2) that 
is similar to an index formula but must be of a different nature since C N is non-compact. It leads in fact to the surprisingly simple formula ([2, (2.23)])
thus, the derivative is given by
The asymptotic behavior of K ptq for t Ñ 8 is clear from (4.8): if h :" dim ker D N , then
On the other hand, from (4.8) and (4.9) and Weyl's Law for D N , we find
In analogy to the trace formula (2.7) we obtain [2, (2.25)]:
Finally, a careful estimate shows that
where R ptq is exponentially small as t Ñ 0`. Now, we introduce an index problem that is essentially an extension of the data we have established on U N , a collar of the boundary N. Recall that pM, h M q is compact with flat collar U N . Then we double the manifold to the compact manifold
Next we introduce two smooth vector bundles E and F over M , and a first order elliptic differential operator
We assume that in U N ,
(4.12)
here, σ P U pE, F q is the symbol of D, σ " σ pduq, and an isometry. We also impose the boundary condition (4.4). Thus, we can construct a (right) parametrix for D as in Section 2, and find that D ": D (abusively) is a Fredholm operator, and D˚as well, with the adjoint boundary condition (4.5). We turn to the index calculation, ind D " dim ker D´dim ker D˚,
I´P˘such that the operators D˚D and DD˚have purely discrete spectrum, using Rellich again. Therefore, the McKean-Singer argument gives again
In the collar U N we can use the function Kptq from (4.8) as before since the asymptotics of the full integral and its truncation to U N are the same. Thus we choose a cut-off function ψ that equals 1 near N and has its support in U N . We now extend D to r D acting on C 8´Ă M , r
E¯where r E extends E, likewise for r D˚and r F , and obtain a kernel
D˚ı .
Now observe that in U N , the operators r D˚r D and r D r D˚are conjugate under σ such that their local contribution is zero. Hence ψ can be replaced by 1, and we obtain
(4.13)
Then from (4.10) and (4.13) we obtain
Here, c i " ş M c i pxq dx, and Θ N pzq is holomorphic for Re z ą´N`1 2 . Making z " 0 gives the celebrated APS index formula:
Finally, we turn to the equivariant case. As before, we introduce a compact Lie group, G, that acts effectively, smoothly and isometrically on pN, h N q and pE N , h E N q. Next we require that the G-action commutes with D N on C 8 pN, E N q, hence with the projection P ρ onto
As before, we choose ρ P p G such that dim L 2 pC N , E N q ρ " 8, and observe that for s P
Hence all equivariant calculations concerning the analogue, K ρ ptq, of Kptq are obtained by replacing spec D N with spec D N,ρ . To describe this, we extend the G-action to C N . Since these actions are isometric, they extend to the cylinder C N " NˆR ě0 with trivial action on R ě0 . The operators (4.1) commute with this action, too, with common domain H 1 pC N , E C N q ρ . The decomposition (4.3) and the properties of the operators D C N ,ρ and DC N ,ρ , including the boundary conditions, are analogous to those described earlier in this section.
Then we can form the Laplacians
, and the trace analogous to (4.7),
that is not expressing an index. Furthermore, we obtain the formulá
where h ρ " dim P ρ ker D N . As in (4.11), we obtain
exponentially. Now we bring in smooth G-invariant vector bundles E and F over M, and a first order elliptic differential operator, D, that commutes with G. We assume that D has the form (4.12) such that σ commutes with G, too. We further assume that D is closed with domain H 1 pM , E, P q, and that D˚has domain H 1 pM , F, I´P q. Thus, D and D˚are again Fredholm operators that commute with G, by the triviality of the G-action on R ě0 . Hence, with ρ P p G as before, we obtain Hilbert spaces L 2 pM, E, P q ρ and L 2 pM , F, I´P q ρ and operators D ρ and Dρ with domains H 1 pM , E, P q ρ and H 1 pM , F, I´P q ρ , respectively. Then we arrive at the index formula
To evaluate this, we need a good parametrix for the two Laplacians. In the collar U N (as in (4.6) ), a good parametrix can be constructed from K ρ ptq. In fact, there we have
such that we obtain from (4.7)
To obtain a good parametrix for the equivariant Laplacians on MzU N , we proceed as we did earlier in this section. We double M to Ă M
(4.16) Using Remark 2.4, we note that if we integrate the difference of the equivariant heat kernels over M instead of Ă M, we obtain a similar formula (with different constants). That is, ż
To derive the formula for D ρ with domain H 1 pM, E M , P q we choose a cut-off function ψ as in (2.8) and construct the parametrix as
Then it is easy to see that ψ can be replaced by 1, in view of the asymptotics of K ρ , as detailed in (4.8) and (4.9), and the vanishing of F ρ pt, xq on U N since the relevant operators are conjugated by σ there. To arrive at our final result, we see Section 2 and the references there, and the formula
Then we can use the calculation as in [2, p. 56 ] to prove the following with (4.16): Here, χ ρ pMq is the alternating sum of the dimensions of the rρs-parts of the cohomology groups (or spaces of harmonic forms). Since the connected component G 0 of the identity in G acts trivially on the harmonic forms, the only nontrivial components χ ρ pMq correspond to representations induced from unitary representations of the finite group G{G 0 . Example 5.1. Let M " S n , let G " O pnq act on latitude spheres (principal orbits, diffeomorphic to S n´1 ). Then there are two strata, with the singular stratum being the two poles. Without using the theorem, since the only harmonic forms are the constants and multiples of the volume form, we see that
where ξ is the induced one dimensional representation of O pnq on the volume forms.
Example 5.2. If instead the group Z 2 acts on S n by the antipodal map, note that
1´1 " 0 if ρ " 1 and n is odd 1 if ρ " 1 and n is even 1 if ρ " ξ and and n is even 0 otherwise since the antipodal map is orientation preserving in odd dimensions and orientation reversing in even dimensions. Endow T 2 with the standard flat metric. The harmonic forms have basis t1, dy 1 , dy 2 , dy 1^d y 2 u. Let ρ j be the irreducible character defined by k P Z 4 Þ Ñ e ikjπ{2 . Then the de Rham-Hodge operator pd`d˚q 1 on Z 4 -invariant forms has kernel tc 0`c1 dy 1^d y 2 : c 0 , c 1 P Cu. One also sees that ker pd`d˚q ρ 1 " span tidy 1`d y 2 u, ker pd`d˚q ρ 2 " t0u, and ker pd`d˚q
This illustrates the point that it is not possible to use the Atiyah-Singer integrand on the principal stratum to compute even the invariant index alone. Indeed, the Atiyah-Singer integrand would be a constant times the Gauss curvature, which is identically zero. In these cases, the three singular points a 1 "ˆ0 0˙,
ertainly contribute to the index. The quotient T 2 {Z 4 is an orbifold homeomorphic to a sphere.
5.2.
The Dolbeault operator on complex projective space. Consider the action of g "`e iθ 0 , ..., e iθn˘i n T n`1 on complex projective space CP n defined by
The orbit types for this action are as follows. Let S Ă t0, 1, ..., nu be a subset, and define M S " trz 0 , ..., z n s : z k ‰ 0 if and only if k P Su .
Then the isotropy subgroup associated to this orbit type is
The partial ordering on the isotropy subgroups H S corresponds exactly to the partial ordering Ă on subsets of t0, 1, ..., nu. Note that M S is a product of cylinders. That is, if S " tk 0 , ..., k p u, then we may set z k 0 " 1, and then z k j P C´t0u for j " 1, ..., p, so that M S is topologically and complex-analytically a product of p copies of C´t0u. Also, note that G " T n`1 acts by rotations in each copy of C´t0u. Therefore GzM S is a p-fold product of open half-lines S 1 z pC´t0uq. There are a total of n`1 fixed points with H S " T n`1 that comprise the minimal orbit type; there areˆn`1 2˙o rbit types M S -C´t0u with
for 0 ď k ď n. Each orbit type with H S -T n´k`2 is a T k´1 -bundle over a pk´1q-cell, and the orbits are the fibers of this bundle.
We now consider the operator B`B˚: Ω j,even Ñ Ω j,odd for some j. Since the Dolbeault cohomology H p,q is one-dimensional only when p " q and is zero otherwise (generated by powers of the Kähler form), the index of B`B˚is p´1q j . Since these cohomology classes are represented by harmonic forms in H 2p pCP n q, they are invariant by the (connected) torus group action. Thus, ind ρ´B`B˚: Ω j,even Ñ Ω j,odd¯" " p´1q j , if ρ " 1; 0, otherwise.
5.3.
The equivariant eta invariant of the boundary signature operator. Let B " i n p´1q p`1 p˚d´d˚q on 2p-forms be the boundary signature operator on even degree forms on a manifold of dimension 2n´1. In [3] , the authors consider a generalization η α of the eta invariant of this operator, where the forms are twisted by a representation of the fundamental group. Inside the proof of [3, Prop 2.12] , the authors consider the lens space S 2n´1 ä Z m with S 2n´1 Ă C n , where the generator of Z m acts on C n by multipling the j th copy of C by exp piθ j q, and the action is free on the sphere. If we wish to calculate for τ an irreducible character of Z m (say the one that takes the generator to exp p2πiℓ{mq), then we may note that
so that in the [3] notation, the equivariant eta invariant corresponding to the irreducible character τ ‰ 1 is η B ℓ p0q " η τ˚`S 2n´1 ä Z m , 0˘" ρ τ˚`S 2n´1 ä Z m˘`η1`S 2n´1 ä Z m , 0" 1 m ÿ g‰1 σ g`S 2n´1˘t χ τ˚p gq´1u .
From the [3] calculation, we get that
Note that pexp p´2iθq´1q "´2ie´i It might be surprising to the reader that this number is always real. To see this, notice that the quantity has the form
where u 0 and each u j are m th roots of unity. If we replace k with m´k in the sum, we obtain the same result but get the complex conjugate. Thus the formula simplies further: if n is even, η B ℓ p0q " 2 p´1q 
